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which may be written 

d ( w \ r. • , ,• v> „,, s 

-r- I — ; — I = 0, or on integrating, — , — = A (x), 
dy\x + yj & x + y 

4>'"{x) being an arbitrary function of x. 

Substituting the value of w thus given in (4), we find 

{x + y) fx + v = {x + yWW< or §i K* + V)»] = (* + tfV'te). 

Integrating with respect to x, the right-hand member being integrated twice by parts, we find 

(5) (x + y)v = (x + yy<t>"(x) - 2(x + y)4>'{x) + 2<j>{x) + 2<p(y), 

>P(y) being an arbitrary function of y with the factor 2 included for symmetry. 

From (3), we have 

, . . dv 2m 

(% + y) -z v = — , — . 

^ UJ dy x+y 

If we differentiate (5) with respect to y, we obtain 



By substituting 
we find 



(x + y) — + v=2(x + y)4>"{x) - 2<j>'{x) + 2*'fo). 

, . . dv 2m 

{ - X + y) Ty = V + F+y' 

2?; 
2v + ^477, = 2(* + »)*"(*) - 20'(a) + 2ffo); 

•C "T* tf 



(x + w> + m = (s + yW(x) - (x + y)4>'{x) + (x + yW(y). 
Substituting the value of (x + y)v from (5), we obtain 

u = {x + y)W{x) + f'(y)] - 2<t>(x) - 2+(y). 



Hence, from (1), 



z ^ <t>'(x) + <P'(y) 2<t>(x)+2*(y) . 
x + y (x + yf ' 



\_dx (x 



(x + y)\ x-j—r^ + xT. 



+ w) 2 "^ dw (a; + w) 2 . 



412. Proposed by Clifford x. mills, Brookings, S. Dakota. 

Given a triangular field of sides a, b, and c. Show how to divide the field into two equal 
parts by a straight fence so that the cost of the fence is the least. 

Solution by W. R. Ransom, Tufts College. 

Suppose a > b > c. Connect points on the sides a and b so as to form a new triangle with 
the same included angle and sides of length xa and yb. If this triangle has half the area of the 
given triangle, y = lj2x. The square of length of the fence is then 

v (x) = o¥ + j^ 2 - (a 2 + b 2 - c 2 ). 

The minimum value of 4>(x) is found to be J[c 2 — (a — b) 2 ], where x = -\fc/2o and y — A/a/2b. 
From a <b + c and c < b we get a < 2b; hence y < 1. Similarly, x < 1 so that this fence lies 
wholly within the given field. Moreover, this fence is less than the minimum fence built across 
either of the other corners; for, multiply a < b + c by 2(6 — c) which is positive, and add c 2 — b 2 , 
then, c 2 -b 2 + 2ab - 2ac < b 2 - c 2 , or C* - (b - a) 2 < 6 2 - (c - a) 2 . Similarly, interchanging 
o and b, & — (b — a ) 2 < a 2 — (c — b) 2 . This minimum triangle is isosceles, the sides along a 
and b being each = Vab/2. 
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Also solved by 0. S. Adams, C. N. Schmall, Paul Capbon, and Hobace 
Olson. 

MECHANICS. 
324. Proposed by H. S. UHLER, Yale University. 

A rigid body of any shape is at rest in a neutral liquid which is also at rest and has an in- 
definitely great volume. The body is so situated that the free surface of the liquid is tangent 
to it at its highest point (or points). All the space above the liquid is filled with a neutral stagnant 
fluid whose density is not greater than the density of the liquid. Show that the work done in 
raising (pure translation) the body very slowly until the interface of the two fluids is tangent 
to it at its lowest point (or points) is expressible by the formuia mgh — gV{pJii + pji 2 ), where 
m = mass of body, V = volume of body, pi = mean density of lower medium, p% = density of 
upper medium, hi s distance of center of mass of the displaced liquid below the free surface 
in the initial position of the body, hi = elevation of center of mass of displaced fluid above the 
interface in final position of the body and h = hi + hi. (Neglect surface-tension, etc.) 

Solution by J. B. Eppes, Annapolis, Md. 

Take the axes indicated in the figure. Let the highest point of the body at any time be 
a distance y above the surface of the liquid, and let A be area of the cross-section of the body 
made by the surface of the liquid. 

Ady and the mass of the liquid displaced is 
o 

pi (v-JlAdy). 

Hence, the downward force is g\ m — p 2 / Ady — pj I V — / Ady J . Then, the total 
work in raising the body, is 



f o \mg-pigJ^Ady-p,g^V-J^Adyj\dy = mgh 
t 1 ~\ | -Pig f dy r Ady - P1 gVh + Pl g f* dy P Ady. 



X 

Now assume A as a function of y to be of the form 



A =B + Cy + Z>2/ 2 + •••. 



Then, 



C h i T" aj r h I t, , Cy 2 , Dy 3 , \ . Bh* . Ch? . Dh* . 

i„ d yJo Ady = Jo \ By + 2 + 3 + ••■) dy = — + —» + —* + 



2 ' 2-3 ' 3-4 



hf Ady - J h yAdy = hV - Vh x = Vhi. 



Hence, work = mgh — pzgVh — pigVh + pigVhi = mgh — gV(pihi + p%hi). 

325. Proposed by CLIFFORD N. mills, Brookings, South Dakota. 

The lever of a testing machine is c feet long, and is poised on a knife edge a feet from one 
end and 6 feet from the other, and in a horizontal line above which the beam is symmetrical. 
The beam is m inches deep at the knife edge and tapers uniformly to a depth of n inches at each 
end; the width of the beam is the same throughout its length. Find the distance of the center 
of gravity of the beam from the knife edge. 



